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Here we present a theory of mirror-symmetric magic angle twisted trilayer graphene. The electronic 
properties are described by a Hubbard model with long range tunneling matrix elements. The 
electronic properties are obtained by solving the mean field Hubbard model. We obtain the 
bandstructure with characteristic flat bands and a Dirac cone. At charge neutrality, turning on 
electron-electron interactions results in metallic to antiferromagnetic phase transition, for Hubbard 
interaction strength considerably smaller than in other graphene multilayers. We analyze the stability 
of the antiferromagnetic state against the symmetry breaking induced by hexagonal boron nitride 
encapsulation, and mirror symmetry breaking caused by the application of electric fields that mix 
the Dirac cone with the flat bands. Additionally, we explore the topological properties of the system, 
revealing a hidden quantum geometry. Despite the flat bands having zero Chern numbers, the 
multiband Berry curvature distribution over the moiré Brillouin zone exhibits a non-trivial structure. 
Finally, we propose a mechanism to tune this quantum geometry, providing a pathway to control the 
system’s topological properties.

Moiré materials offer a promising platform for designing tunable simulators of strongly correlated systems. The 
mismatch of the lattice constants or misalignment of the atomically-thin stacked layers leads to superlattice 
periodicity, which, for specific twist angles, flattens the bands around the Fermi energy. The flat bands enhance the 
role of the electron-electron interactions, leading to the observation of insulating and superconducting phases1,2 
for bilayer graphene twisted by the so-called magic angle3. Following this discovery, a significant number of 
moiré systems has been realized with different number of layers and sequences of twist angles, including, but not 
limited to, mirror-symmetric trilayers4–6, helical trilayers7, double bilayers8 and pentalayers9. Some of these have 
been shown to host a number of correlated and topological states such as correlated insulators1,10–15, quantum 
anomalous Hall effect16, ferromagnetism17 and a generalized Wigner crystal state18.

Mirror-symmetric magic angle twisted trilayer graphene (TTG) consists of a middle layer rotated by the 
magic angle relative to two aligned top and bottom layers19. The band structure of TTG features two flat bands 
(per spin and valley) near the Fermi level, alongside Dirac cones that intersect the gap at the K points19–27. 
These features are also observed in ARPES experiments28. The spectrum of TTG is highly tunable through 
several external parameters, including the electric field, the hexagonal boron nitride (hBN) alignment, and the 
twist angle. Compared to twisted bilayer graphene (TBG), TTG offers a highly stable and versatile platform for 
engineering electronic states. Notably, TTG demonstrates robust and reproducible superconductivity across a 
wide range of tuning parameters4,5,629–44. Consequently, TTG has been the focus of an extensive theoretical 
investigation, employing both continuum models19,21–24,27 and atomistic approaches, such as ab initio20,45 and 
tight-binding45. Interaction effects in TTG have been explored in Refs.23,26,46, while theoretical descriptions of its 
superconducting phase are proposed in Refs.45,47–49. Additionally, the phonon properties of TTG were studied 
in Ref.50. Despite these significant advances, a unified theory of TTG is still lacking. Many of its properties, 
including the magnetic and topological phase diagrams, remain elusive.

In this work, we consider the atomistic tight-binding Hamiltonian combined with a Hubbard interaction 
term and apply the self-consistent collinear Hartree-Fock method to determine the magnetic properties of the 
ground state. Our primary focus is on the transition from the paramagnetic to the antiferromagnetic (AF) phase, 
a phenomenon extensively studied in monolayer graphene systems51–53. It has been shown that the area in the 
parameter space of the AF phase increases as we increase the number of layers54. We analyze the magnetic phase 
diagrams as functions of interaction strength, mirror, and sublattice symmetry-breaking perturbations, which 
arise from applied electric fields and hBN encapsulation. Interestingly, the interplay between magnetic ordering 
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and topological properties, such as the emergence of AF Chern insulators55, offers a compelling framework to 
explore quantum geometry in these systems. We compute the quasiparticle multiband Chern numbers for the 
valence and conduction flat bands, revealing the distribution of multiband Berry curvature (mBC) across the 
moiré Brillouin zone (mBZ), and demonstrate its tunability in experimentally realistic scenarios. We refer to 
this phenomenon as hidden quantum geometry, since a vanishing Chern number would ordinarily indicate 
a topologically trivial system, whereas in this case a nontrivial distribution of Berry curvature persists. We 
note that in this study, we focus on the antisymmetric part of the quantum geometric tensor (known as Berry 
curvature), leaving the symmetric part (quantum metric) for future analysis56. We note also that the behavior 
of mBC in TTG differs from the TBG case, where the Γ point is the source of Berry’s curvature57. In the trilayer 
instance, we can identify contributions both from the Γ and K points.

Results
Paramagnetic ground state, electric field- and hBN-induced gaps We begin with an analysis of the paramagnetic 
ground state of the system. The single-particle Hamiltonian is given by:

	
ĤTB =

N∑
i,j

∑
σ

t(r⃗i, r⃗j)(c†
i,σcj,σ + c†

j,σci,σ),� (1)

where hopping between pz  orbitals in three layers can be modeled as

	

t(r⃗i, r⃗j) =(1 − n2)γ0 exp
(

λ1

(
1 − |r⃗i − r⃗j |

a

))
+

n2γ1 exp
(

λ2

(
1 − |r⃗i − r⃗j |

c

))
.

� (2)

Here i,  j are the indices enumerating atoms. We note that terms γ0 and γ1 in Eq. (2) parametrize arbitrary 
distance hopping t(ri, rj). In our calculations we consider up to the 6th nearest neighbor, ensuring that effects 
such as trigonal warping and the electron-hole asymmetry are captured. We account for the electron-electron 
interactions through the Hubbard term:

	
ĤU = U

∑
i

n̂i↑n̂i↓.� (3)

The parameters and further details are given in "Methods".
Figure 1a–c summarizes our system’s geometry. The structure consists of top and bottom layers in AA 

stacking, with the middle layer twisted by an angle of  θ = 1.55◦. The TTG is encapsulated in aligned hBN, which 
is modeled as a staggered potential applied to the top and bottom layers: Ĥ∆hBN = ∆hBN

∑
i,σ

αi|li|c†
i,σci,σ  

where li = 1, 0, −1 for top, middle and bottom layers respectively and αi = 1, −1 when i belongs to sublattice 
A and B respectively. This way there is a 2∆hBN difference in onsite energy between A and B atoms of the 
top and bottom layers. Furthermore, a vertical electric field is introduced, modifying the potential difference 
between the top and bottom layers: Ĥ∆V

= ∆V
2

∑
i,σ

lic
†
i,σci,σ . Therefore, the full Hamiltonian is given by

	 Ĥ = ĤTB + ĤU + Ĥ∆hBN + Ĥ∆V
.� (4)

Since we assume a commensurate angle, i.e., periodic crystal structure, we can define a finite moiré unit cell (UC) 
(Fig. 1b) and mBZ (Fig. 1d). Each moiré UC consist of Nat, and each atom repeats in the UC creating Nat simple 
Bravais sublattices. We apply periodic boundary condition to obtain allowed wavevectors, associate a Bloch 
wavefunction for a given wavevector k⃗ with each atom in a moiré cell, and diagonalize resulting Hamiltonian 
matrix to obtain energy bands. Fig. 1e shows the result for the interaction strength U = 0. This procedure is 
described in greater detail in Ref.58. To find the low energy state of this Hamiltonian we use a self consistent 
collinear Hartree-Fock procedure, see details in "Methods". The resulting ground state is paramagnetic, meaning 
each atom has an equal spin population (with precision of 10−6). We obtain the characteristic flat band at the 
Fermi level with two valence and two conduction bands for each spin component. In our calculation, we also 
reproduce the high velocity Dirac cones at moiré K points, with Dirac points approximately 15 meV below the 
Fermi level. We confirm that the wave functions of these Dirac cones are localized solely on the top and bottom 
layers, while the flat band’s wave functions are localized 50% on the middle layer and 25% on the top and bottom 
(see Fig. 6 in SM). Such localization can be explained in terms of a TTG system comprising of a monolayer 
graphene and TBG21.

We now study the effect of vertical electric field and hBN encapsulation. We first introduce a non-zero electric 
field (∆V = 120 meV). Such mirror-symmetry breaking perturbation hybridizes the Dirac cones with the flat 
bands23. This hybridization leads to splitting between the valence and conduction bands in the flat band, opening 
a gap at K points, shown in Fig. 1f by a blue arrow. However, the gap at the Fermi level remains closed, and, in 
addition, the gap between the flat band and the remote bands closes at the Γ point.

In the next step, we turn on the interaction with encapsulating hBN in the form of a top and bottom layer 
staggered sublattice potential, see Fig. 1g (∆hBN = 25 meV). This leads to the opening of the gap within the 
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flat band. Additionally, similar to the gapped monolayer graphene case59, a gap between the Dirac cones opens 
and their dispersion becomes parabolic. The remote bands peel off from the flat band at the Γ point so that our 
system consists of a well defined flat band and a gap around the Fermi energy. We note that TTG with an applied 
electric field and hBN is, therefore, strikingly similar to the TBG/hBN structure, with an extra set of remote 
bands at K points originating from the gapped Dirac cones. These mechanisms lead to the redistribution of the 
wave function between the layers, however the main trends are preserved. More details of these mechanisms are 
available in SM.

Band gap and anti-ferromagnetic transition In the context of moiré materials, electron-electron interactions 
play an essential role due to the reduced bandwidth. To understand their influence, we consider different 
strengths of the interaction, modifying the Hubbard parameter U. We have tested several choices of initial input 
density and concluded that there is a phase transition between the non-magnetic and the AF state for the critical 
value of Uc ≈ 0.6t, where t = |γ0| = 2.835 eV is the nearest neighbor hopping. To determine the ground state 
of the system we analyze the total absolute magnetization (see "Methods"), which value is close to zero for a 
paramagnetic case, and significantly larger in the AF phase.

We now analyze the Hartree-Fock quasiparticle bands for spin up and down obtained by self-consistently 
diagonalizing Hubbard Hamiltonian, Eq. 4. For sufficiently small U < Uc, we do not observe any strong 
renormalization of the bands close to the Fermi level, as shown in Fig. 2a. The state is paramagnetic, meaning 
each atom has an equal spin population. On the other hand, when U > Uc, a transition to an AF ground state 
occurs. A clear band gap is opened in the flat band after the phase transition in Fig. 2b for U > 1.1t. There is 
no gap opening for the Dirac cones, therefore, no gap is generated at the Fermi level. The AF state has the most 
significant spin polarization in the middle layer, which is the layer with the highest contribution to the flat 
band. Bilayer graphene has smaller Uc than a monolayer, therefore the effect of U is stronger in the middle of 
TTG. The total spin density on A and B sublattices of graphene layers building TTG is imbalanced, producing a 
microscopic AF state. Such AF state is analogous to an AF state in other n-layer graphene systems54,60. We note 
that for the system to undergo a transition from a metallic to insulating state, the presence of an hBN substrate 
is necessary. Without it, the system is metallic both in the paramagnetic and antiferromagnetic states, while it 
remains insulating for all values of U and electric field with an hBN substrate present.

Fig. 1.  Structural and electronic properties of TTG. (a) Side, (b) top, and (c) 3D view of geometry. TTG 
consists of three layers of graphene, with the middle one twisted by θ, with respect to the aligned top and 
bottom layers, which are relaxed out-of-plane. The system is encapsulated in aligned hBN, and a vertical 
electric field is applied. (d) mBZ with high symmetry points. (e) Band structure of pristine TTG. (f) Effect of 
non-zero electric field (∆V = 120 meV) hybridizing Dirac cones with the flat band. (g) The combined effect of 
electric field and hBN encapsulation (∆V = 120 meV, ∆hBN = 25 meV), opening extra gaps near the Fermi 
level. The gaps opened by applying an electric field and hBN are marked with blue arrows.
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The Hubbard parameter U for which the para- to anti-ferro- magnetic transition occurs is lower than in the 
mono- and bi-layer graphene systems (Fig. 3). For example, it has been shown that in the monolayer graphene 
(MLG) in the Hartree-Fock approximation Uc ≈ 2t54. We reproduced this result in our model, with small 
differences caused by the long-range TB hopping necessary to model TTG correctly. Equivalent calculations 
for bilayer graphene (BLG) yield UBLG

c < UMLG
c . This stems from the fact that since the dispersion in BLG 

is parabolic, the density of states is increased, and the ratio of interactions to kinetic energy increases as well. 
It is not surprising then that TBG has a smaller critical transition parameter (U = 1.1t), as shown in Fig. 3. 
An extension of this Fig., showing the influence of the hBN substrate can be found in SM Fig. 7. It shows, that 
inclusion of the hBN can slower down the transition in both twisted bilayer and trilayer graphene, while it has 
negligible effect in untwisted systems. This is a consequence of the Uc/∆hBN  ratio, which is larger in untwisted 
systems.

Naively, one could argue that since TTG has an additional Dirac cone and similar bandwidth of the flat 
bands, critical U should be larger than in TBG. Our results point out that there is actually an opposite trend with 
UTTG

c < UTBG
c . This effect is a consequence of the TTG flat band being flatter than the TBG one. Here, we refer 

to its pieces being effectively flatter since, at the Γ point, the flat band in TTG is actually wider (15 meV) than 
in TBG (8 meV). The flatter band enhances electron-electron interaction effects, reducing screening effects and 
further decreasing the critical Hubbard parameters.

We performed calculations for large U and concluded that the state with the lowest energy is still 
antiferromagnetic. Assuming ferromagnetic input (initial) state, we obtain energy difference between 
antiferromagnetic (ground) and ferromagnetic (higher in energy) states of 0.7193 meV. This value is consistent 
in order of magnitude with TBG system, see e.g. recent works of Hou et al.61 and Sánchez Sánchez et al.62, but at 
odds with Adhikari et al.63 that claims obtaining ferromagnetic ground state at ν = 0 for TBG.

Fig. 3.  AF transition in various graphene-based systems. Total absolute magnetization of different graphene 
systems (MLG, BLG, TBG, TTG) in the units of Bohr magneton as a function of the interaction U scaled by the 
nearest-neighbor hopping t.

 

Fig. 2.  Hartree-Fock quasiparticle band structures of TTG with ∆V = ∆hBN = 0. (a) Band structure in the 
paramagnetic state with U = 0.5t. The insets show a schematic depiction of the spin configuration in the three 
layers (left) and on the honeycomb lattice of a single layer (right). Black dashed lines were added alongside the 
Dirac cone dispersion to improve readability. (b) Band structure of the flat band in the anti-ferromagnetic state 
with U = 1.1t. Red and blue colors encode up and down spins, respectively.
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We note also that, from an experimental perspective, the effective interaction strength can be tuned through 
several mechanisms, including dielectric engineering of the surrounding medium64, adjusting the distance to 
metallic gates65, varying the twist angle66, or inducing strain67. In our modeling, however, both the twist angle 
and the atomic positions are kept fixed. Consequently, the only mechanism by which the interaction strength can 
vary in our setup is through changes in the dielectric environment (thickness of the hBN substrate) and distance 
to the metallic gates.

To experimentally verify our proposal of a paramagnetic to AFM ground state transition, standard techniques 
such as neutron scattering are likely impractical due to the monolayer nature of the system. Instead, more 
sensitive probes, such as spin-polarized scanning tunneling microscopy68, magneto-optical spectroscopy69 or 
magnetotransport37,70,71 are necessary to establish the magnetic phase diagram of this system.

Magnetic phase diagram stability  We now study the combined effects of the applied electric field, hBN 
encapsulation, and the presence of electron-electron interactions on the ground state of charge neutral TTG. We 
study the magnetic phase diagram as a function of the interaction strength and electric field for three values of 
the staggered potential from hBN encapsulation.

Our results are summarized in Fig. 4. Without the A/B sublattice symmetry breaking, we observe in Fig. 
4a that the critical value of U increases with increasing electric field. This follows from the fact that the applied 
electric field breaks the mirror-symmetry of TTG and causes the system to bear more resemblance to three 
monolayers, for which the critical value of U/t is higher. Since in the actual device U/t is fixed, the electric field 
allows thus to switch magnetic state from AF to paramagnetic for sufficiently large U/t.

When small sublattice breaking perturbation is included in the top and bottom layers, even though most 
of the electron density is in the middle layer, a strong renormalization of the phase diagram is observed. 
The imbalance introduced by the hBN layer directly counteracts the effects of the Hubbard term. While the 
Hubbard interaction penalizes the occupation of different-spin electrons on the same atom, the hBN-induced 
potential favors relocating electrons to sublattice B. Consequently, a larger value of U is required to overcome 
this preference, transfer charge from sublattice B to sublattice A, and create a polarized state. The region of 
stable AF state is reduced to larger values of U/t and smaller electric field; see top left of Fig. 4b. Further increase 
of the staggered potential parameter, as in Fig. 4c to ∆hBN = 50 meV, completely destroys AF region in the 
studied range of U/t. We confirm that the AF state is susceptible to mirror and sublattice symmetry-breaking 
perturbations.

Multiband Berry’s curvature tuning Flat bands in twisted materials are known to host a variety of topological 
phases. For instance, at filling ν = −3 in twisted bilayer graphene, an interaction-induced Chern insulator has 
been predicted17. Here we focus on single-particle symmetry-breaking effects, namely tuning the strength of the 
electric field. For a charge-neutral system for all studied electric fields, hBN strengths and Hubbard parameters 
U, flat bands near the Fermi level are always intertwined. Therefore, single band Berry’s curvature and Chern 
numbers are not well defined. However, multiband analogs can be defined, in our case of 2+2 bands separated 
from other bands by well-defined energy gaps, valid for an ample region in the parameter space of ∆hBN, ∆V  
and U. In Fig. 5a,b, we show the corresponding Hartree-Fock band structures for two representative choices of 
parameters (more details in SM). Details of multiband Berry’s curvature calculations are shown in the "Methods" 
section.

First, we establish that the multiband Chern number C1+2+3+4 corresponding to all four bands is 0. This 
is also the case for the two flat valence (VBs) and conduction bands (CBs) separately (C1+2 = C3+4 = 0). 
However, we observe a non-zero peak of mBC around K and K′ points, see e.g., Fig 5c, which cancel each other 
out. We establish that non-zero peaks are also present around the Γ point, in Fig. 5c in the corners of rhomboidal 
moiré mBZ. In that sense, the geometry of wavefunctions is hidden since it produces C = 0 despite having a 
rich profile in the mBZ. We note that significant Berry curvature occurring at moiré K points can be intuitively 
understood as resulting from the Dirac cone hybridizing with the flat-bands via electric field and hBN gap. This 
effect provides a new scenario for the generation of topological flat-bands in trilayer moiré materials.

Fig. 4.  Magnetic phase diagram of TTG. (a) TTG without a substrate. AF order parameter is studied in 
function of interaction strength (U/t) and applied electric potential (∆V ) (b,c) Similar phase diagram for 
staggered potential strengths (b) ∆hBN = 5 meV and (c) ∆hBN = 50 meV. The color scale denotes the total 
absolute magnetization in logarithmic scale.
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While a total Chern number zero implies a topologically trivial ground state for a charge-neutral system, a 
non-zero multiband Berry’s curvature can give rise to a valley Hall effect, with the conductivity σK

xy  determined 
by the integral over moiré Berry curvature over a single moiré valley. To measure such a valley current, a valley 
population imbalance (i.e. breaking of time-reversal symmetry) is required, for example, via circularly polarized 
light, as demonstrated in the experiment by Mak et al.72 for MoS2 monolayers. A possible mechanism for 
generating a moiré valley imbalance in twisted trilayer graphene is not yet known to us and will be a subject of 
future studies.

We also show that the k-space profiles of mBC can be tuned using an electric field. In Fig. 5c,d, we compare 
the distribution of BC across mBZ for two values of ∆V , keeping fixed ∆hBN and U for clarity. We observe that 
the spread of mBC increases for larger ∆V  around K points. A less pronounced effect is observed around the Γ 
point. Such curvature strength tuning, combined with the selective valley population for doped systems, might 
be interesting from the perspective of engineering interacting states. To verify the tunability of Berry curvature, 
one could employ valley-resolved transport experiment. However, such measurement necessitates creation of a 
moiré valley imbalance that is yet to be realized in TTG.

Discussion
Twisted trilayer graphene is a highly tunable moiré system. We predict a surprisingly small critical value of 
Hubbard parameter U necessary to observe magnetic phase transition between para- and anti-ferromagnetic 
states. This AF state is microscopic, spins are anti-aligned on neighboring graphene A and B sites inside 
TTG’s AAA moiré centers. It is well-known that the AF state is not observed in pristine graphene because 
interactions are too weak. On the other hand, in TTG, this condition is weakened, although we note that such 
a state is destabilized by mirror and sublattice symmetry breaking perturbations. Effectively, we also expect 
stronger screening in our setup compared to that of suspended graphene, and further studies are necessary to 
establish optimal device design to reach the AF state in TTG. Such studies, including, e.g., quantum fluctuations, 
more realistic extended Hubbard models with long-range interaction, and better account for the dielectric 
environment and electron-electron screening models are the subject of our ongoing work. We note that the 
unrestricted collinear Hartree-Fock method used in this paper has been shown sufficient to capture the ground 
state properties of twisted bilayer graphene73–76, with general qualitative picture unchanged when more precise 
treatments of correlations, i.e. exact diagonalization, density matrix renormalization group or dynamical mean-
field theory, are used. Inclusion of correlations is the subject of our future work. We note that in the absence of 
the hBN substrate, we did not observe the emergence of sublattice-polarized ground states. On the other hand, 
the detection of spontaneously broken valley symmetry23,26, in the context of atomistic calculation, is not as 
straightforward, as shown in Ref.77.

Our findings highlight the intricate interplay of electric field, sublattice symmetry breaking, and electron-
electron interactions in determining the magnetic and electronic properties of TTG. The tunability of these 
parameters provides a promising pathway to designing devices with controllable correlated and topological 

Fig. 5.  Multiband Berry’s curvature in TTG. Band structure and mBC profiles along the mBZ path for both 
two VBs (1+2) and two CBs (3+4) for (a) ∆V = 40 meV and (b) ∆V = 120 meV. Distribution of mBC on 
whole mBZ (c) corresponding to (a) and (d) corresponding to (b). Color scale encodes the strength of mBC. 
The dashed line shows the mBZ path of (a) and (b).
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phases. This study underscores TTG as a versatile platform to probe and manipulate quantum materials’ 
magnetic and electronic properties.

Although topologically trivial at charge neutrality, TTG hosts nonzero peaks of multiband Berry’s curvature. 
This curvature originates from the geometry of wave functions in the flat band and can be tuned using electric 
fields. This can be useful in understanding low electron/hole doped phases, especially those in which carriers 
unequally populate valleys, i.e., valley polarized states. It would also be interesting to establish if AF and 
topological phases can co-exist for realistic interactions in other multilayer systems, e.g., pentalayers with hBN-
induced moiré potentials, in which fractional quantum anomalous Hall states have been recently observed78.

During the review of this manuscript, we became aware of three recent works discussing the magnetic 
properties of this system. Reference71 points out that an antiferromagnetic spin-based order is less consistent 
with their magnetoresistance data around ν = 0, and that an orbital magnetic state is more plausible. In Ref.37 
evidence of in-plane magnetic order—contrasting with our out-of-plane order—is presented to coexisting 
with superconducting order around ν = −2 to ν = −3 hole doping. A quantum phase transition between 
antiferromagnetic semimetal and heavy fermion/Kondo regime is proposed in Ref.79 near ν = 3. A detailed 
analysis of competing magnetic states and their relative energies compared to flavor polarized or coherent states 
across the doping—external gate phase diagram is the subject of our future study.

Methods
Mirror-symmetric TTG is constructed by aligning the top and bottom layers and twisting the middle 
layer by a given angle θ. If θ belongs to a set of commensurate twist angles, moiré primitive vectors are 
L⃗

(m)
1 = ma⃗1 − (m + 1)⃗a2, L⃗(m)

2 = −(m + 1)⃗a1 − (2m + 1)⃗a2, where m is an integer, which is related to 
the twist angle θ by cos(θm) = (3m2 + 3m + 1/2)/(3m2 + 3m + 1). Here we use θ = 1.55◦ (m = 21). The 
number of atoms in moiré unit cell is Nat = 6(3m(m + 1) + 1), which here gives 8322 atoms. We account 
for the lattice relaxation effects along the z-axis by varying the inter-layer distance based on the stacking 
configuration20,45,80. We treat the middle layer as rigid and relax only the top and bottom layers. Relaxation leads 
to flattening of the flat band, renormalization of the remote bands, and gaps opening between the flat and the 
remote bands an the Γ point. More details of the relaxation are presented in SM.

To describe the electronic properties of TTG, we employ a tight-binding model for pz  atomic orbitals defined 
by Eqs. (1) and (2). We use the following parameters a = 1.412 Å, c = 3.36 Å, γ0 = −2.835 eV, γ1 = 0.48 eV. 
Here, a is the carbon-carbon distance, c is the inter-layer distance of an unrelaxed system, γ0(γ1) is the value 
of the nearest in-plane (out-of-plane) neighbor hopping. The dimensionless decay constants are λ1 = 3.15 in-
plane and λ2 = 7.50 out-of-plane. A more detailed description of the model can be found in Refs.58,81.

The considered values of the staggered potential induced by the presence of an hBN substrate were taken to be 
between 0 − 50 meV. The order of these values is consistent with experiments59,82 and ab initio calculations83–87 
for different experimental set-ups, such as aligned graphene/hBN layers, entirely misaligned structure or 
modulated distance between TBG and the substrate.

The Hubbard repulsion term is given by ĤU = U
∑

i
n̂i↑n̂i↓, where n̂iσ = c†

iσciσ  is the spin-resolved 
electron number operator at site i. The parameter U > 0 is the on-site Coulomb repulsion energy. We 
obtain the ground state of this system in the collinear Hartree-Fock mean-field approximation, where 
ĤMF

U = U
∑

i
n̂i↑⟨n̂i↓⟩ + n̂i↓⟨n̂i↑⟩. To study the magnetic properties of this ground state, we define the total, 

absolute magnetization in the units of Bohr magneton µB  as M =
∑Nat

i
|mz,i| =

∑Nat
i

|⟨n̂i↑⟩−⟨n̂i↓⟩|
2 , where 

mz,i is the site magnetization.
We proceed numerically employing a self-consistent collinear Hartree-Fock method. We perform an all-

band calculation on a 8 × 8 grid in the momentum space until a difference of 10−8 is reached between the input 
and output density. We use several initial guesses, some of which exploit the system’s symmetry, while some are 
generated randomly. We note that regardless of the initial condition, we obtain qualitatively the same converged 
density in all cases. Depending on the interaction strength, the system needs between 50–200 iterations to 
converge.

Finally, we calculate the multiband Berry curvatures and Chern numbers, using a numerical procedure on a 

discretized Brillouin zone88. In the non-Abelian formulation89, appropriate when degeneracy at band crossings is 

present, the Berry’s connection is promoted to a matrix in band indices m, n given by Rmn = i⟨umk⃗

∣∣∂unk⃗/∂k⃗⟩, 
where u are Bloch parts of electronic wavefunctions. This can further lead to Berry curvature or Wilson loop 
concept90. Here we focus on the former structure that, when traced over, gives multiband Chern number 
cψ = (2πi)−1 ´

BZ
tr(dR̂). To cancel out random numerical phases in Bloch wavefunctions, we follow88 

and define n-bands link variable Uµ(k⃗i) from the chosen set of wavefunctions ψ = (|ϕ1⟩, ..., |ϕn⟩) as 
Uµ(k⃗i) ≡ det ψ†(k⃗i)ψ(k⃗i + µ̂)/| det ψ†(k⃗i)ψ(k⃗i + µ̂)|. Here, µ = 1, 2 represents the possible directions in 
2D while µ̂ is the vector connecting the nearest i-th k point to its nearest neighbor in direction µ. From the link 
variable, we can define mBC as F (k⃗i) = ln

(
U1(k⃗i)U2(k⃗i + 1̂)U1(k⃗i + 2̂)−1U2(k⃗i)−1)

. The Chern number 
for the n bands is then defined cψ ≡ (2πi)−1 ∑

i
F (k⃗i). Note that since Uµ(k⃗i) is normalized, F (k⃗i) is purely 

imaginary, and the Chern number cψ  is real. Since non-Abelian curvature enters equation of motion for the 
wave packet in the same manner as Abelian one, the anomalous velocity related to non-zero R gives rise to 
anomalous Hall response.
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